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POSITIVE SCALAR CURVATURE AND A NEW INDEX 
THEORY FOR NONCOMPACT MANIFOLDS 


STANLEY CHANG, SHMUEL WEINBERGER, GUOLIANG YU 

Abstract. In this article, we develop a new index theory for noncompact 
manifolds endowed with an admissible exhaustion by compact sets. This index 
theory allows us to provide examples of noncompact manifolds with exotic 
positive scalar curvature phenomena. 
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1. Introduction 

If M is an ?r-dimensional manifold endowed with a Riemannian metric g , then its 
scalar curvature n: M —> R. satisfies the property that, at each point p £ M, there 
is an expansion 

Vol M (B E (p)) = Vol R » (B e ( 0)) (l - £ 2 + • • •) 

for all sufficiently small e > 0. A complete Riemannian metric g on a manifold 
M is said to have uniformly positive scalar curvature if there is a fixed constant 
kq > 0 such that k(jj) > kq > 0 for all p £ M. For compact manifolds, obstructions 
to such metrics are largely achieved in one of two ways: (1) the minimal surface 
techniques in dimensions at most 7 by Schoen-Yau )38j and in dimension 8 by 
Joachim and Schick J5I]; (2) the Dirac index method for spin manifolds by Atiyah- 
Singer and its generalizations by Connes-Moscovici, Hitchin, Gromov, Lawson, Roe 
and Rosenberg, among others. 
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In the realm of noncompact manifolds it is now well recognized that the origi¬ 
nal approach by Gromov-Lawson m and Schoen-Yau [38], which proves that no 
compact manifold of nonpositive sectional curvature can be endowed with a met¬ 
ric of positive scalar curvature, is actually based on a restriction on the coarse 
quasi-isometry type of complete noncompact manifolds. Connes and Moscovici [9] 
develop a higher index theory that proves that any aspherical manifold whose fun¬ 
damental group is hyperbolic does not have a metric of positive scalar curvature. 
Roe [3T| subsequently introduces a coarse index theory to study positive scalar cur¬ 
vature problems for noncompact manifolds. Block and Weinberger [3j investigate 
the problem of complete metrics for noncompact symmetric spaces when no quasi¬ 
isometry conditions are imposed. They prove that, if G is a semisimple Lie group 
with maximal compact subgroup K and irreducible lattice T, then the double quo¬ 
tient M = T\G/K can be endowed with a complete metric of uniformly positive 
scalar curvature if and only if T is an arithmetic group with ranker > 3. This 
theorem includes, in light of the work of Borel and Harisli-Chandra [4], previous 
results of Gromov-Lawson m in rational rank 0 and I. In the case when the ra¬ 
tional rank exceeds 2, Chang proves that any metric on M with uniformly positive 
scalar curvature fails to be coarsely equivalent to the natural one |5]. 

The Gromov-Lawson-Rosenberg conjecture states that a spin closed manifold M n 
with n > 5 has a metric of positive scalar curvature if, and only if, its Dirac index 
vanishes in KO*(C*ir), where tt = ni(M). While this conjecture is known to be 
false in general, it has been verified in number of cases. To study compact manifolds 
(M, dM ) with boundary with respect to a positive scalar curvature metric that 
is collared at the boundary, one would ideally like to produce a C*-algebra that 
encodes information about both ni(M) and TTi(dM). In this paper we show that 
such an algebra can be constructed with the appropriate properties, and apply it 
to obtain information about noncompact manifolds. 

In the first section, we use the notion of localization algebras [43] and generalized 
asymptotic morphisms to define a relative group C'*-algebra C^ lax ('rri(M), ni(dM)) 
along with a homomorphism 

fed KO*(M,dM) -a KO^C* max {-K 1 {M),^{dM))) 

which we call the maximal relative Baum-Connes map. The usual Baum-Connes 
conjecture has many different guises, the simplest of which is that the homomor¬ 
phism KO^(ET) —> KO*(C*T) is an isomorphism. One may similarly hope that 
the map Umax above is an injection if M and dM are both aspherical. In line with 
the compact case, we show that, if M has a metric of positive scalar curvature 
that is collared near the boundary, then the relative index of the Dirac operator 
in dM) belongs to the kernel of Umax- In this section, we also formulate 

a relative Gromov-Lawson-Rosenberg conjecture for manifolds with boundary and 
show that the converse to the above statement holds when the relative Gromov- 
Lawson-Rosenberg conjecture holds for torsion-free amenable groups satisfying cer¬ 
tain conditions on their cohomological dimensions. 
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In the next sections, we offer a new index theory for noncompact manifolds with so- 
called admissible exhaustions. We combine this theory with the machinery built in 
the first part of the paper to give various geometric applications: we first construct 
a noncompact manifold M with an exhaustion dMj) by compact sets with 

boundary such that each (Mi, dMi) has a metric of positive scalar curvature collared 
at the boundary, but M itself has no metric of uniformly positive scalar curvature. 
Next, we construct a noncompact manifold N whose space PS(N ) of uniformly 
positive scalar curvature metrics has uncountably many connected components. 

A companion paper [B] will use the techniques of this paper and more complicated 
topology to obtain a contractible manifold that has a positively curved exhaustion, 
but no metric of positive scalar curvature. 

The authors are grateful to the University of Chicago, the Shanghai Center for 
Mathematical Sciences and the Mathematical Sciences Research Institute for host¬ 
ing their stays when the research for this paper was conducted. The authors thank 
John Roe and Jonathan Rosenberg for useful comments and conversations, as well 
as the referee for his careful reading of this paper. They also thank Eric Hilt and 
Phil Hirschhorn for help in document formatting. 


2. The relative group C*-algebra and the relative 

GROMOV-LAWSON-ROSENBERG CONJECTURE 

In this section, we introduce the concept of relative group C*-algebras and formulate 
a relative version of the Gromov-Lawson-Rosenberg conjecture. The AT-theory of 
the relative group C*-algebras serves as the receptacle of the relative higher index 
of the Dirac operators. 

In this paper all C*-algebras are real. We deal only with metric spaces X that are 
locally compact and metrically locally simply connected; i.e. for all e > 0 there is 
s' < s such that every ball in X of radius s' is simply connected. 

If G is a discrete group, denote by C*(G) and C^ lax (G) the usual reduced and 
maximal real C*-algebras of G, respectively. Let Y Cl both be compact (metric) 
spaces. We wish to define a Baum-Connes map from the relative A'O-homology 
group KO l J (X,Y) to the A'O-theory of some relative C*-algebra encoding the 
fundamental groups of both Y and X and the homomorphism between them. 
Let (j): C^ nax (’Ki{\ r )) —>• C^ nax (TTi(X)) be the map induced by the homomorphism 
j * : tti(Y) —> 7Ti(A'). Consider the mapping cone C*-algebra of (f> given by 

C^ma X = {(a,/): / € CoaO^.C^MA))), a e C* max (MY)), f( 0) = 0(a)}. 

Define C^ lax (iri(X), 7Ti(F)) to be the seventh suspension S 7 C<t > , ma x of C^^max, 
i.e. C*. max 0 Cb(R 7 ), where C 0 (K 7 ) is the C*-algebra of continuous real-valued 
functions on R' which vanish at infinity. The seventh suspension is chosen because 
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KO- theory is eight-periodic. We call this algebra the maximal relative group C* - 
algebra of ( 7 tt(X), tti(Y)). If in fact the homomorphism j* is an injection, we can 
likewise define a reduced relative C*-algebra Cf ed ('Ki{X) 1 tti(Y)). 

If M is a metric space, we say that a Hilbert space H is an M-module if there is a rep¬ 
resentation of the continuous functions Cq(M) in H 1 that is, a C* -homomorphism 
Cq(M) —> B(H). We will say that an operator T : H —> H is locally compact if, for 
all ip £ Co(M), the operators Tip and ipT are compact on H. We define the support 
Supp((p) of ip £ H as the smallest closed set I\ C M such that, if / £ Co(M) 
and fip 7 ^ 0, then /\k is not identically zero. An operator T: H -A H on an M- 
module H has finite propagation if there is R > 0 such that ipTif = 0 whenever ip , 
if £ Co(M) satisfy d(Supp(^), Supp(V’)) > R- 

Recall that a locally compact metric space Z is said to have bounded geometry 
if there is a discrete subset Y C Z such that (1) Y is c-dense for some c > 0, 
i.e. d(z,Y) < c for all z £ Z; (2) for all r > 0 there is N such that, for all p £ Y, 
we have ff{y £ Y: d(y,p) < r} < N. In the remainder of the article, we assume 
that all spaces have bounded geometry. 

Definition 2.1. Let Z be a locally compact metric space. If H is a Hilbert space, 
we denote by B(H) the algebra of bounded operators with on H. 

(1) Denote by R(Z) the Roe algebra, i.e. the algebra of locally compact, finite 
propagation operators on some ample Z-module H by way of a represen¬ 
tation p: Cq(Z) —► B(H) (see Roe [3T1 Definition 4.5]). 

(2) Denote by C* ed (Z) and Cf nax (Z) the completions of W(Z) with respect to 
the reduced and maximal norm completions, respectively. Here we define 
the maximal norm in the following way. If a £ R(Z), then let ||a|| max = 
sup^, ||i/>(a)||, where the supremum is taking over all *-homomorphisms 
if: R(Z) —> B(W), where W is real Hilbert space. By the bounded ge¬ 
ometry assumption, the quantity ||a|| moa; is finite by Gong-Wang-Yu (T5I 
Lemma 3.4]. Note that, if Z is compact, then the two completions are the 
same and coincide with /C, the C*-algebra of compact operators, as M.(Z) 
is already all of 1C. 

(3) Let 7Ti(Z) act on Z by deck transformations and let R(Z) 7ri ( z ) be the 
algebra of operators in WL(Z) that are invariant under this action. We endow 

with a maximal norm by defining ||a|| maa; = sup^ ||^>(a)||, where 
the supremum is taken over all *-homomorphisms if: TS.(Z)’" 1 ^ z 'l —7 B(H), 
where H is a Hilbert space. Note that, although R(Z) 7Vl ^ z ' ) is a subalgebra 
of R(Z), this maximal norm is different than the one defined in (2) because 
the domain of if is different. 

Definition 2.2. For continuous maps g: [0, oo) -A R(Z), we define norms ||g||r-ed = 
su Pte[o,oo) l|p(0lli-ed and \\g\\max = sup te[0iOo) ||s(t)|| mai . Suppose that (a) g is 
uniformly bounded and uniformly continuous, and (b) the propagation of g(t) tends 
to 0 as t —> oo. We define the following sets: 
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(1) Denote by Rl(Z) the collection of maps g satisfying (a) and (b). 

(2) Denote by C* L d ( Z) the closure of R l{Z) with respect to || • || re d, called 
the reduced localization algebra of X. 

(3) Denote by X (Z) the closure of with respect to || • || max , called 

the maximal localization algebra of X. Here the maximal norm is taken as 
in (2) in the previous definition. 

(4) Denote by Cf^ZY 1 ^ and Cf nax (Z) 7Tl( ' Z ' 1 the closure of the algebra R(Z) 7ri ( z ) 
with respect to the reduced and maximal norms, respectively. Here the 
maximal norm is taken as in (3) in the previous definition. 

(5) Denote by Cf red {ZY l( ' Z ' > and Cf max (Z) ni( - z ^ the closure of the algebra 
R l{Z)’ K i ^ z ' > with respect to the reduced and maximal norms, respectively. 
Here the maximal norm is taken as in (3) in the previous definition. 

Remark 2.3. When Z is compact, then the two localization algebras in (2) and (3) 
coincide. 


For the rest of this paper, we will simplify notation and simply write Cf(Z) for 
either the reduced and maximal localization algebra. 


Let X be a locally compact metric space. We shall briefly recall the local index 
map ind l ■ KO l /(X) —> KO*(Cf(X)), first introduced by Yu in [43J . We assume 
that * = 0 mod 8. The other cases can be handled in a similar way with the help 
of suspensions. Here KO l J(X) = KO*(Cq(X)). 

Let ( H,F ) represent a cycle for KOq (Y), where H is a standard nondegenerate 
Y-module and F is a bounded operator acting on H such that F*F—I and FF* — I 
are locally compact, and <j>F — Ftp is compact for all </> € Co(Y). For each positive 
integer n, let {U nd }i be a locally finite and uniformly bounded open cover of X such 
that diam([/ ni i) < Y Let be a continuous partition of unity subordinate to 

the open cover. Define 

F (t) = J^(( n ~ + {n~t+ l)4>l +lti F(j)l +hi ) 

i 

for all positive integers n and t £ [n — 1, n ], where the infinite sum converges in the 
strong topology. If prop denotes the propagation of an operator (again see Roe m 
Definition 4.5]), then notice that prop(F(t)) —>■ 0 as t —> oo. 


Observe that F(t) is a multiplier of the localization algebra Cf(X) and is invertible 
modulo the localization algebra. Hence the standard index construction in K -theory 
gives 


ind l ([(H,F)]) = [P f ] 



£ KO 0 (C* l (X)), 


where Pf is an idempotent in the matrix algebra of Cf(X) + . We call this class 
ind F 1 )]) the local index of F. In fact, we choose Pir(t) to be the matrix 


F(t)F*(t) + (1 - F(t)F*(t))F(t)F*(t)) F(t)( 1 - F*(t)F(t)) + (1 - F(t)F*(t))F(t)( 1 - F*(t)F(t)) 

(1 - F*(t)F(t))F*(t) (1 - F*(t)F(t)) 2 
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See also Willett-Yu 411. We write Pf for Pp(t) for simplicity. For the rest of this 
paper, we also abbreviate [(if, F)] as [F] and ind l[{H, F)] as ind l[F\. 

The following isomorphism is demonstrated in Yu 031 Theorem 3.2] in the case 
when X is a CW complex and for general metric space X in Qiao-Roe [28] Theorem 
3.4], 

Proposition 2.4. The local index map indi: KO*(X) —»• KO*(Cf(X)) is an 
isomorphism. 

Definition 2.5. Let Y C Y be compact metric spaces. In the definitions of Cf(Y) 
and C£(Y), we choose the Y-module and Y-module to be £ 2 (Zy)®H and £ 2 (Zx )<8> 
H such that Zy C Zx are countable dense subsets of Y and X , respectively, and H 
is a separable and infinite-dimensional Hilbert space. The inclusion isometry from 
t 2 {Z Y ) ® H to £ 2 (Z X ) <8> H induces a homomorphism i: C£(Y) —»• C£(Y). 

Remark 2.6. The homomorphism i is not canonical. However it induces a homo¬ 
morphism at the KO -theory that is canonical. 

Let C’i be the mapping cone of i given by 

Ci = {(«, /): / G C 0 ([0,1), C* L {X)), a G C* L (Y), /(0) = 

Define the relative KO-homology group of (X, Y) to be KO*(X, Y) = KO*(S 7 Cf). 
This definition of relative K O-homology allows us to have a relative long exact 
sequence 

-» KO*{Y) KO* (X) —> KO*(X, Y) ->■■■■ . 

Lemma 2.7. Let X be a compact space and let X be the C*-algebra of compact 
operators on a separable, infinite-dimensional Hilbert space. Then there is an iso¬ 
morphism C; ed (Xy'W Sf c*( tti(Y))®JC and C* max (XyiW “ C* max {-Kx{X))®X. 

Proof. In Roe [22] Lemma 2.3] the ^-isomorphism (RI) 11 ^' = (R7 Ti(Y)) g> X is 
proved. This algebraic ^-isomorphism extends to the required ^-isomorphism in 
both the reduced and maximal case, since X is a nuclear C*-algebra. □ 

Proposition 2.8. Let X be a compact metric space with universal cover X. There 
is e > 0 depending only on X such that, ifb is an operator in R(Y) with propagation 
at most e, then b lifts to a it\(X)- invariant operator b in R(Y). 

Proof. In the definition of R(Y), we choose the Y-module to be l 2 {Zx) <8> H such 
that Z\ is a countable dense subset of X and H is a separable and infinite- 
dimensional Hilbert space. Let p: Y —>• Y be the projection map. We define 
Z£ = p~ 1 (Zx). We choose the Y-module to be £ 2 (Z^) ® H in the definition 
of R(Y). Every operator b G R(Y) can be represented by a kernel fc(-, •) such 
that k{x,y) belongs to X for all (x,y) G Zx x Zx and Supp(fc) is contained in 
{(x,y) £ X x X: d(x,y) < r} for some r > 0. The smallest such r is the propa¬ 
gation of b. Now let k'(x',y') = k(p(x'),p(y')) for all (x',y') G x Z% satisfying 
d(x',y') < r and k'(x',y') = 0 for all (x',y') G Z^ x Z% satisfying d(x',y') > r. 
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By the compactness of A, there is e > 0 such that, if 6 has propagation at most e, 
then k' represents an element b of M(A) and b has the same propagation as b. 

This discussion shows that there exists e > 0 such that, if b £ R(A') and prop( 6 ) < e, 
then there is a unique lifting of b in R(A) to cj)(b) in R(A). □ 

Note that, if the propagations prop( 6 i), prop(t> 2 ) < e/ 2, then this lifting respects 
multiplication and addition, i.e. ^( 6162 ) = </>(foi)</>( 62 ) and ^>(61 + 62 ) = </(^i)+</>(^ 2 )- 

Definition 2.9. Let s £ [0, 00 ) and let X be a compact metric space. For all 
b £ Rz J (X), denote by b s £ Ri(A') the operator given by b s (t) = b(s + t ) for all 
t £ [0, 00 ). Let £ be as in the above proposition. For each b £ Rl(X), there is 
Sb > 0 such that prop( 6 s ) < e when s > Sb- We define 4> s {b) = b s £ R L (A) 7ri ( x ) 
when s > Sb- 

The next result indicates that <p s is an asymptotic morphism in the following gen¬ 
eralized sense. 

Lemma 2.10. Let X be a compact metric space. For all b £ Ri(A'), let Sb be given 
as in the previous definition. 

(1) There is C > 0 such that, for all b £ Rl(A), if s > Sb, then 

I (P) I \red C^I^Hred and |\(fs ( 6 ) | |max — | 6 | |ma:E- 

(2) For all b £ Rx(A), if s > Sb, then <fi s (b)* = <j) s (b*). 

(3) For all 61,62 £ Rl(A), the operator 

f>s{bib 2 ) - </> s (6i)0 s (6 2 ) 
is zero when s > max/s^, Sb 2 , s;,^}. 

Proof. Let be a finite open cover of X such that, for each i, the diameter of 

the union of all U 3 satisfying Uj D Ui 0 is less than e, where e is as in Proposition 

12.81 Let be the continuous partition of unity subordinate to {Ui}. We have 

4> s (b) = Y^iLi fisiPib). By the definition of <fi s and the choice of </>j, we have 
||</ s (v?i 6 )|| = ||<Pi 6 || < || 6 ||. It follows that ||(/ s ( 6 )|| < iV||6|| if s > Sb■ This proves 
(1). The proofs of (2) and (3) are straightforward. □ 


There is a pushdown lKT(A) 7ri ( A ') —R L (A) for operators with small propagation. 
Such a pushdown induces homomorphisms 

KO*(Cl max (Xy^) -A KO*(C* l ( A)) 

and 

KO.(c* Ltred ( xy'W) -a ko*(c* l (x)), 

which are inverses to the homomorphisms induced by the liftings. This lemma im¬ 
plies that the liftings (f s induce isomorphisms A'0*(C£(A)) —> AO*(C£ max (A) 7ri ( A ^) 
and KO^CK A)) -A KO*{Cl red (Xy l(A) ). 
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Definition 2.11. Let j *: — » n\(X) be the homomorphism induced by the 

inclusion Y —> X. Then j* induces a unique map rj: Y —>■ X such that r/(gy) = 
i*(g) T l(y) for all g G 7 Ti (Y) and y GY. 

Note that such 77 exists because X and Y are metrically locally simply connected. 

Let p be the covering map X —> X and let Y' = p~ 1 (Y). Let p': Y —> Y be the 
covering map from the universal cover Y. Let Y" be the Galois coveirng of Y whose 
deck transformation group is and let p": Y" —> Y be the covering map. 

We have Y' = tt\{X) Xj, ni (y) Y". This decomposition gives rise to a natural 
^-homomorphism 

C* max (Y"y*” l(Y) -»• C* max (Y'r iX) . 

Choose countable dense subsets Zy of Y and Zx of X such that Zy C Zx ■ Let 
H be a separable and infinite-dimensional Hilbert space. We use the modules 
e{p-\Zy))®H, Pip-^Zx))®!!, P{{p')-\Zy))®H and £ 2 {{p")~ 1 (Zy)®H, re¬ 
spectively, to define C* max {Y')^ X \ C* max (X)^ x \ C* max {Y)^ Y ) and C* max (Y")^ 

Lemma 2.12. There exists a *-homomorphism 

r- c* max (vr^ -a c* max (Y"y*^ 

such that there is e > 0 for which, ifkG C'*(y) 71 ' 1 ^ ) is an operator with propagation 
at most e and is represented as a kernel k on ( p')~ 1 (Zy) with values in 1C, then there 
is a unique kernel ky on Zy with values in K such that k(x, y) = ky(p(x),p{y)) 
for all x,y G p~ 1 (Zy) satisfying d(x,y) < e and ip"{k) is represented by a kernel 
k" on (p")~ 1 (Zy) with values in 1C such that k"(x,y) = ky(p"(x),p"(y)) for all 
x,y G (p")~ 1 (Zy) satisfying d(x,y) < e. 

Proof. Let H be the kernel of the homomorphism j *: tt\ (Y) —> ni(X). Let k be 
an operator in R(y) 7ri ^ y ) represented by a kernel k(x,y) on (p') -1 (.Zy). We define 
a kernel k a (x,y ) on (p')~ 1 (Zy) by the formula k a (x,y) = k(hx, y) for all 

x,y G (j}')~ 1 (Zy). Note that the above sum is finite since k has finite propagation. 
We have k a (h\X,h 2 y) = k a (x,y) for all h\,h 2 G H and x,y G ( p')~ 1 (Zy ). For 
each x,y G (p')~ 1 (Zy), let [x], [y\ be the corresponding pair of equivalence classes 
in (p") _1 (Zr) = ( p')~ 1 {Zy)/H. We let k"([x],[y]) = k a {x,y). Note that k" is 
well-defined. We now define a ^-homomorphism ip": R(T) 7ri ( Y ) —> ]R(y")J* 7ri ( Y ) 
given by ip"(k) = k". By maximality, this map ip" extends to a ^-homomorphism 
Cmax^XY 1 ^ ~t We choose e > 0 small enough such that 

d(hx, x) > 10e for all h ^ e in H and all x G Y. If d([x], [j/]) > e, then d{hx, y) > £ 
for all h G H. Therefore if k has propagation at most e, then k" has propagation 
at most £. If £ is small enough, there is a unique kernel ky on Zy such that 
k(x,y) = ky(p(x) , p{y)) for all x,y G p~ 1 (Zy) satisfying d(x,y) < £ and ky has 
propagation at most £. If d(x, y) < £, then d(hx , y) < £ for all h ^ e in H and 
x,y G Y. Therefore k a (x,y) = k(x,y) if d(x,y) < e. It follows that k"(x,y) = 
ky{p"(x),p"(y)) for all x, y G ( p")~ 1 (Zy ) satisfying d(x, y) <£. □ 
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Let ip” be as in Lemma 12.121 above and let ip' be as previously defined. We now 
define a *-homomorphism 

C* max {YY^ -A C* max (X)^ x \ (2.13) 

This homomorphism in turn induces a ^-homomorphism 

ib T ■ CX fyWiOO Cr (XY 1 ^ 

H-’L,max ■ o- Lmax \l 1 “ ^L^maxK^) 

Let Cy, Lmax be the mapping cone of ipL,max given by 

Cy L , max = {(a,/): / G C 0 ([0,l),C* Ljmax (Xr^), a G Ct imax {Y)^ Y \ /(0) = iP L , 

Recall that i: C£(y) -A- C£(X) is the homomorphism induced by the inclusion 
Y -A X, and C t is its mapping cone. For each (6, /) G C* satisfying prop(&) < oo 
and prop f(t) < oo for all t G [0,1], there is s^,f) > 0 such that prop(& s ) < e and 
prop(/(t)) < £ for all s > s^jy We define 

Xs,max(b,f) = ( <ps(bs),<ps(f(-)s )) G Cy Lmax 

for all s > where <p s is as in Lemma 12.101 By the same lemma, we then know 

that Xs,max induces a homomorphism 

( Xs,max)*■ KO*(S 7 Ci) -A AO,(S 7 C^ l m(1 J. 

Let e be the evaluation homomorphism induced by the evaluation maps at 0 from 
Clmax(XY l(X) to C* max {X)^ x ) and from Cy max (Y)^( v ) to C* max (Yy^ Y ). This 
homomorphism induces a map e* : KO*(S 7 Cy, Lmax ) —> KO*(S 7 Cy, max ) at the level 
of KO- theory. 

Define Umax to be the composition given by 

i<oys 7 a ) (Xs ’ ma *S i<oys 7 c^ max ) ^ Koys 7 Cy max ). 

Equivalently Umax is a map 

/w: Koyx,Y) -A Koyc* ma Mx)^yY))) 

which we call the maximal relative Baum-Connes map. A reduced relative Baum- 
Connes map 

tired- KO.(X,Y) -A KOyc; ed { 7T 1 (X),7r 1 (y))) 
can be similarly constructed if the homomorphism j from n\(Y) to 7Ti(X) is injec¬ 
tive. 

Remark 2.14. By homotopy invariance, both /j, m ax and p re d are independent of the 
choices of the liftings. 

Conjecture 2.15. Let Y C A' and suppose that X and Y are both aspherical 
compact spaces. 

(1) (Relative Novikov conjecture) The maximal relative Baum-Connes map 
Umax: Koyx,Y) -A Koyc* ma MX)^yY))) 


(a)}. 


is an injection. 
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(2) (Relative Baum-Connes conjecture) If j: m(Y) -A 7Ti(X) is an injection, 
then the reduced relative Baum-Connes map 

ti red -- KO*(X, Y) -A i^O*(<7; ed (7r 1 (X),7r 1 (y))) 

is an isomorphism. 

Remark 2.16. If the classic Baum-Connes conjecture holds for 7Ti(X) and (Y), 
then statement (2) is true for the pair (7 Ti(AT), 7Ti(y)). In general the maximal 
relative Baum-Connes conjecture may not be an isomorphism. The real version 
( KO ) of the Baum-Connes conjecture follows from the classic (complex version) 
of the Baum-Connes conjecture (see Baum-Karoubi II)- After inverting 2, even 
the injectivity of the complex Baum-Connes map implies the injectivity of the real 
Baum-Connes map (see Schick [371 Corollary 2.13]). 

Recall that the notion of A'-amenability was formulated by Cuntz [101 Definition 
2.2]. This notion can be extended to the A'O-setting. 

Theorem 2.17. Suppose that Y C X are aspherical compact spaces such that 
7Ti(y) and 7Ti(X) are K-amenable and satisfy the Baum-Connes conjecture. 

(1) Then fi m ax is an isomorphism. 

(2) Assume also that 7Ti(y) -A 7 Ti(AT) is an injection. Then p, re d is an isomor¬ 
phism. 

Proof. By the definition of A'-amenability, the natural homomorphisms 
Cfnaxi'K iP0) -> C)(tti(X)) and C^ ax (ni(Y )) -A C*(7Ti(y)) induce A'A"-equivalences. 
If and 7ri(y) are Af-amenablc and satisfy the Baum-Connes conjecture, and 

if 7n(y) injects into 7Ti(X), then the ATO-theory of the reduced relative group C*- 
algebra coincides with the ATO-theory of the maximal relative group C*-algebra. 

The theorem is proved from the following commutative diagram and the five-lemma. 
KO n +i(Y) -- KO n +i(C* (7ri(Y))) 

KO n+1 (X) -> KO n+1 (C*(MX))) 


KOn+i(X, Y) -> KO„ + 1 (C*(wi(X),iri(Y))) 


KO„{Y) -i- KO„(C* (-tti(Y))) 


KO n (X) ->■ KO n (C*(in{X))) 


□ 


We now prove that the existence of positive scalar curvature implies that a particu¬ 
lar index vanishes in the ATO-theory of the relative group C*-algebra. For the rest 
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of this section, the C*-algebras involved are maximal. If the reduced relative group 
C*-algebra is well defined, then the rest of this section extends to the reduced case 
as well. We will use C*('K\{X),-k\(Y)) to denote both the reduced and maximal 
relative group C*-algebra when the use of such a notation does not cause confusion. 


Let M be a spin manifold with boundary N = dM. We assume that the dimension 
of M is Omod 8. The other cases can be handled in a similar way with the help 
of suspensions. More specifically, in dimension k mod 8 for some 0 < k < 8, we 
consider the manifold M x R 8_fe . We can define a relative higher index of the Dirac 
operator associated to the space M x R 8_fe in KOq(C*(tti(M), 7ri(9M))®C£(K fe )). 
We can apply the same argument below to show that this relative index vanishes 
KOo{C*(iri(M),TTi(dM)) (g) C£(R fc )) if (M,dM) is a compact spin manifold with 
boundary endowed with a metric of positive scalar curvature that is collared at the 
boundary. This relative higher index corresponds to the relative index of the Dirac 
operator associated to M under the isomorphism 

tfOotC*MAOISM)) ®C* L (R k )) £* KOk(C*(ni(M),Tn(dM))). 

As a consequence, the relative index of the Dirac operator associated to M vansihes 
in KO k (C*(Tn(M), ni(dM))) if (M, dM) is a compact spin manifold with boundary 
endowed with a metric of positive scalar curvature that is collared at the boundary. 


Extend the manifold by attaching a cylinder W = N x [0, oo) to the boundary, 
forming a noncompact manifold Z. Let D be the Dirac operator on Z. Let / be 
an odd smooth chopping function in the sense of Roe on the real line satisfying 
the following conditions: (1) \f(x)\ < 1 for all x and f(x) —>• ±1 as x —» ±oo; (2) 
g = f 2 — 1 6 S'(R), the space of Schwartz functions, (3) if / and 'g are the Fourier 
transforms of / and g , respectively, then Supp(/) C [—1,1] and Supp(< 7 ) C [—2, 2]. 
Such a chopping function exists (cf. Roe [30. Lemma 7.5]). We define 

F d = f(D) = J f(t) exp (it.D)dt. 

By condition (3) above, it follows that the propagation of Fd is at most 1. Let 
[Fd] be its homology class in KO l J(Z) = KO°(Co(Z)). We simplify the notation 
by replacing Fd with F and Pf d with Pd- We write 


ind l ([F]) = [P D \ 



€ KO 0 (C* l (Z)), 


where Pd is an idempotent in the matrix algebra of C£(Z) + and ind^ is the local 
index map. The element Pd — ^ q q 
localization algebra C£(Z). 


belongs to the matrix algebra of the 


Let v be an invertible element in the matrix algebra of Cb(R') + representing the 
generator in FO_i(Co(R 7 )) = iv0 0 (Co(R 8 )) (see Atiyah pj or Schroder [35] Propo¬ 
sition 1.4.11]). Let td = v®Pd+I®(I — Pd)- Then we have t^ 1 = v~ l <Z>Pd +7® 
(I— Pd)- If Xm is the characteristic function on M, let td,m = (1<8>Xm)td(1<S>Xm) 
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and (t d )m = (1 ®Xm)t d 1 { 1 <8 >Xm)- In the future pages, we will simply write 
for 1 (8 xm- For all s G [0,1], define wd,m( s ) t° be the product 


(I (1 - s)t D iM \ f I 0 \ / I (1 - s)t d< m \ f 0 -/ \ 

Vo / ) V -(1-5)(t^)m / A 0 I )\I 0 )■ 

Define 

Qd,m( s ) = w d,m ( s ) ( o 0 ) 

Now define Cf(N C M) be the closed two-sided ideal of Cf(M) generated by 
Cf(N) considered as a subalgebra of C^(M). Then td,m and both lie in 

C* l (M ) 8 Cb(R 7 ). Both t dm (t^ i 1 )m ~ I and - d lie in C£(iV C M). 

As a consequence <7 _d 1 m( 0) is an element in the matrix algebra of (Cf y (N C A'/) 8 
Co(R 7 )) + . We define [<?£>] to be the /FO-theory element 


[(9d,m(0), 5d,m(-))] 



in KOo(S 7 Cj), where Cj is the mapping cone associated with j: —>• 

Cf(M) and S‘Cj = Cj 8 Co(R 7 ). The inclusion map Cf(N) Cf(N C M) 
induces an isomorphism 


KO*(C* l (N)) £* KO*{C* l {N C M)), 


which can be proved by a standard Mayer-Vietoris sequence and a five-lemma 
argument. As a consequence, we have the isomorphism KOo{S r Cj) = KOq(M, N). 


We call the class [qn] the relative KO-homology class of D. We define the relative 
higher index of D to be /x{qD) G KOq(C*(tti(M), tti(N))). 


dM = N W = N x [0, oo) 



Theorem 2.18. If (. M,dM ) is a compact spin manifold with boundary endowed 
with a metric of positive scalar curvature that is collared at the boundary, then the 
relative higher index of the Dirac operator is zero in KO*(C* (7Ti(M),7Ti(<9M))). 
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Proof. As before, let N = dM and Z = M U n (N x [0, oo)). Denote by Z n and 
Z' n the truncations Z n = M U n (N x [0, ra]), Z' n = M Ujv (AT x [0, ^]), and let T n 
be the subset of Z n given by T n = N x [§,u]. We assume that the dimension of 
Z is 0 mod 8. The other cases can be handled in a similar way with the help of 
suspensions (refer back to the section after Theorem 12. 1 7|) . 


Let u G [l,oo) and write 

ind l (uD) = [P uD ] 



0 V 

[V 0 

0 JJ 


€ KO 0 (C* l (Z)). 


We define WD,z n (s) and qD,z n (s) by replacing M with Z n in the definitions of 
wd,m{s) and qo,M(s), respectively, before Theorem 12.181 By the finite propagation 
of D, we know that the propagation of exp (itD) is less than or equal to |i|. It follows 
that the propagation of P u d is less than or equal to lOOzt. This estimate is based 
on the matrix formula before Proposition 12.41 


Claim 2.19. For all u > 0, there exists N u > 0 such that, for all n > N u , we have 

1 0 


XZ' n yquD,Z n (0) - 
xt„ ( quD,z n (o) - 


XZ' ( QuD,Z n (o) — 


0 0 

/ 0 
0 0 

/ 0 
0 0 


xz' n = o, 
Xz' n = 0, 

XT n = o. 


Proof. Let a = T U D,z n and ff = {T u ^)z n - We can compute 

WuD,Z n { o) ^ Q Q ^ W uD,Z rl W 

f (2a~a/3a)l3 (2a — a/3a)(I — /3a) \ 

= v (I- 0a)l3 (I - pa) 2 ) ■ 

We note that (2a — apa)p = a (I — pa)p + (a/3 — /) + /. Let N u = lOOu. Using the 
formulas for a and /3, and the fact that P u d has propagation at most lOCht, we know 
that the elements \z' n (ap—I), xz' n (pa-I), ( aP~I)xz' n , ( Pa-I)xz' n , ( I-pa)Pxz' n 
and xz' n <x(I — a/3) are all zero when n > N u . Now our claim follows. □ 

L e t PuD = Xz„ P- u .DXz n , where Xz n is the characteristic function on Z n . By the 
construction of P u d we have ||-Pu.d|| < 10. As a result, we have ||P^[| < 10, 
giving an upper bound for ||(7 ud,z„||- Together with the above claim, this implies 
that [n„'?«f,2„(0)] G Y[ n (S 7 C* L (Z n )) + / ($ n (S 7 C* L (Z n )) + belongs to the image of 
the inclusion map 

Y[(S 7 C* L (T n )) + /Q(S 7 Cl(T n )) + -a 1] (S 7 C* L (Z n ))+/@(S 7 C* L (Z n ))+, 

n n n n 

where ( S 7 Cf(Z n )) + and ( S 7 Cf(T n )) + are respectively obtained from S 7 Cf(Z n ) 
and S 7 Cf(T n ) by adjoining a unit. We identify [J][ n q U D,z n ( 0)] with an element in 
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Y\n( s7C Li T n)) + / @ n {S 7 Cl{T n )) + . Now (n„^-D,z„(0),n n g«D,z„(s)) gives an el¬ 
ement in the matrix algebra of ]\ n {S' 7 Cj n ) + / @ n {S 7 Cj n ) + , where s G [0,1] is 
the variable and Cj n is the mapping cone of the homomorphism j n : S 7 C^(T n ) —> 
S 7 C* L (Z n ). 

Recall that W = N x [0, oo) and let W' = N x R be the double of W. Let D' 
be the Dirac operator on W'. Let W' be the universal cover of W' and D' be the 
lifting of D' to W'. Let D be the lifting of D to 2T, the universal cover of Z. We 
know that P g;(0) and P 0) are respectively the liftings of P U D'(0) and P u d( 0). 
Define 

%n,u(s) = 

where P ( j) = Xz n P uDXz n ■ Define 

Un,u = QuD’,W’ ( 0 )> 

where W’ n = N x (—oo, n]. By an argument similar to the proof of Claim l!OT)l we 
know that [Jl„ Vn,u\ is an operator in the image of the inclusion map: 

]^(S' 7 C*(f n ) 7 ri ( iV )) + /0(5 , 7 C'' , '(f n ) 7 ri W) + H (S 7 C*{W') n ^ N) ) + /^(S 7 C*(W‘ 

n n n n 

We identify []4„ Vn,u] with an element in n„(S 7 C*(T n ) 7ri ( JV )) + / ©„(S 7 C*(T rl ) 7ri ( Ar) ) 4 


By Lemma 12.121 and Formula 12.131 there is a natural ^-homomorphism 
4 > n : C*{T n y^ -»■ C*(T' n y^ M \ 


For each n, the map 4> n induces a natural ^-homomorphism 

s 7 c*(T n y i(N) s 7 c*(z n y i(M \ 


which we still denote by </> n . We have 


11 0n(?/n,n) 
n 


i | %n : u (0) 


in Y\ n {S 7 C*{Z n Y l( ' M) ) + / ® n {S 7 C*{Z n y il ' M '>) + . Denote by C^„ the mapping cone 
of the map </>„. The element Yl n (yn,u, Xn, u (s)) gives a KO -theory element 


n 


in KO 0 (n n S 7 C^/e n S 7 C^). 


Let Vi^ n : L 2 [0,n] —> L 2 [0,1] be the isometry given by /(•) -L=/(n-) for all 

/ G L 2 [0,n]. Let V 2 , n - L 2 [f ,n] -» L 2 [\, 1 ] be the isometry given by /(•) 0/(n-) 

for all / G L 2 [0, ^]. We can naturally construct isometries V { n : L 2 {Z n ) —> L 2 {Zi) 
and V' q n : L 2 {T n ) —> L 2 (Ti). Conjugations by Vj© and Vj n give us a ^-isomorphism 
C(/, m —>• C Y 0 1 , where is naturally *-isomorphic to C$. Identifying {S 7 C<f >m ) + with 
















A NEW INDEX THEORY FOR NONCOMPACT MANIFOLDS 


15 


(. S 7 C<j > ) + for all n, we see that [(y n ,u,x n ,u{s))] = \p(qo)] in KOo{S 7 C ( j > ). It follows 
that there is a natural isomorphism 


v-: KO 0 S 7 C^J 0 S 7 C^ n -> KO 0 S 7 C */ 0 S 7 C 4> 


such that 


*l> 




HmM . 


where p{qo) £ KOq(S 7 C$) = KOo(C*(tti(M),tti(N))) was defined as the relative 
higher index of D before Theorem 12.181 and KOo([\ n S 7 C f j ) / 0 re S 7 C<f, ) is identified 
with 


H KOo(S 7 C^)/ 0 KOo(S 7 C *). 


When M has a metric of uniform positive scalar curvature, then by the Lichnerowicz 
formula we know that (0) converges to ^ ^ jj ^ in the operator norm as 
rt —> oo, n —> oo and n > N u . As a consequence, we know that 


T uD,W^ 


I 0 
0 0 


+ /<g> 


0 0 \ 

0 i) 


and 


y n ,u -)■ exp 



I 0 
0 0 


= I 


in the operator norm as u -A oo, n -A oo and n > iV„. Together with the formula 
for Xn,u{s), we then have [Y[ n {y n ,u, a:„ >u (s))] = 0 in KO 0 (J[ n S 7 C (j> / @ n S 7 C (j> ). 
Therefore it follows that p(qo) = 0. □ 


As mentioned in the introduction, the Gromov-Lawson-Rosenberg conjecture states 
that a closed spin manifold M n with n > 5 has a metric of positive scalar curvature 
if, and only if, its Dirac index vanishes in KO*(C*tt), where ir = n-\ (M). We 
formulate now a relative version of this conjecture. 

Conjecture 2.20. (Relative Gromov-Lawson-Rosenberg) Let (N,dN) be a compact 
spin manifold with boundary. Let n be the dimension of N. If the relative higher 
index of the Dirac operator D is zero in KO n (C*(iri(N),TTi(dN))), then there is a 
metric of positive scalar curvature on N that is collared near dN. 

Remark 2.21. 

(1) This conjecture is made by analogy to surgery theory, where obstructions 
to surgery for degree one normal maps have this formal structure. 

(2) By the Gromov-Lawson surgery theorem pO Theorem A] and Schoen-Yau 
[88l Corollary 6] as improved by Gajer [14], the 7T-7r case of the conjecture 
is correct. 
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(3) Because of the the failure of stability for the ordinary Gromov-Lawson con¬ 
jecture Schick [36] Example 2.2] and Dwyer-Schick-Stolz |llj). we recognize 
that, in general, this statement cannot be true as stated. One should either 
interpret it as a stable conjecture (i.e. after crossing with some number of 
Bott manifolds, see Rosenberg-Stolz [33] ) or as a guide to prove the correct 
statement in the unstable situation. We hope to address this matter in a 
future paper. 

In Rosenberg-Stolz [33], the index map a: Vt spm (Bn) -A- KO n (C*ir) is factored in 
the following way: 

n s n pin (Bir) -A ko n (Bn ) A KO n (Bn ) A KO n (C*n) 

where p: ko n (Bn) —> KO n (Bn ) is the canonical map from connective to periodic 
/\ O-homology and A is the standard assembly map. This sequence can be gener¬ 
alized to pairs. Let ( N , dN) be a manifold with boundary and let 7r = n±(N) and 
n°° = 7Ti (dN). Then we have a composition 

Ll spin (Bn, Bit 00 ) -A ko n (Bn, Bn°°) A KO n (Bn,Bn°°) A KO n (C*(n, n°°)). 

Let Pos* pm (I?7r, Bn°°) be the subgroup of Q, spm (Bn, Bn°°) consisting of bordism 
classes represented by pairs (M n , dM n , /) for which M admits a metric of positive 
scalar curvature that is collared near the boundary. 

There is a map from DM to Bn°° classifying its universal cover dM. By elementary 
homotopy theory, the composite map to Bn commutes up to homotopy with the 
map M —> Bn classifying its universal cover M. The homotopy extension principle 
then implies that we have a map of pairs ( M,dM) —>• (Bn, Bn°°). 

Theorem 2.22. Let (M,dM) be a spin manifold with boundary of dimension > 6. 
Let n = n\(M) and n°° = n\(dM). Let u: (M,dM) (Bn, Bn°°) be the map de¬ 
scribed above. Then (M, dM) has a positive scalar curvature which is collared near 
the boundary dM if, and only if, the index D^[(M, dM), u] lies in Pos^° (Bn, Bn°°), 
where Vos'ff (Bn, Bn°°) is the image of D* restricted to Pos^ >m (Bn, Bn°°). 

Proof. First we will explain that the capacity of a spin manifold M n for n > 6 
to admit a positive scalar curvature metric depends only on its spin cobordism 
class. As in the closed case, this result follows from the Gromov-Lawson surgery 
theorem, or equivalently the reduction to spin cobordism. For manifolds (M, dM) 
with boundary whose boundary is collared, there is a relative surgery theorem that 
follows from an improvement by Gajer [14] of the usual Gromov-Lawson surgery 
theorem that provides a collared neighborhood for the trace of the surgery. We 
remind the reader that the Gromov-Lawson theorem holds if the spin cobordism 
respects fundamental group and the dimension is at least 5. The proof of our 
theorem requires two applications of the Gajer/Gromov-Lawson Theorem, as we 
will now demonstrate. Let (M, dM) and (M', dM') be cobordant and suppose 
that (M, dM) has a metric of positive scalar curvature that is collared near the 
boundary. 
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We first apply the surgery theorem to the restricted cobordism between dM and 
dM' to endow dM' with a metric of positive scalar curvature. Conner [7] allows us 
to execute a rounding maneuver that replaces metric pieces isometric to a product 
dM x Q of the boundary with a quadrant Q with metric pieces isometric to the 
product dM x H of the boundary with a half-space H (and vice versa). Finally 
we use the Gromov-Lawson theorem to endow M' with a metric of positive scalar 
curvature that is collared near dM'. We note that the original proof of the Gromov- 
Lawson theorem is sufficiently local as to be unchanged by this slight additional 
generality. 

As a next step, we need to show that all the elements of the kernel of the map 
from relative spin bordism to relative ko have positive scalar curvature, i.e. that 
ker D* C Pos* pm (i?7r, Bn 00 ). Both away from the prime 2 and at the prime 2, the 
inclusion can be obtained from the relative versions of existing theorems. Away 
from 2, the result holds by readapting the result of Fuhring [13] on Baas-Sullivan 
theory. This result was stated in Rosenberg-Stolz [34] as unpublished work of Jung. 
Fuhring proves that a smooth spin closed manifold M of dimension n > 5 admits 
a metric of positive scalar curvature if its orientation class in ko n (Bn) lies in the 
subgroup consisting of elements which contain positive representatives. At the 
prime 2, we can extend Theorem B (2) of Stolz i3S). Here he proves the following. 
Let X be a topological space. Suppose that T n (X) is the subgroup of 
consisting of bordism classes [ E,f op], where p: E -A B is an HP 2 -bundle over 
a spin closed manifold B of dimension n — 8 and / is a map B —> X. Then the 
map f Iff™ (X)/T n (X) -A ko n (X) is a 2-local isomorphism. In the papers of both 
Fiihring and Stolz it is effectively shown that the kernel of D * is a homology theory. 
As such we can extend these results to pairs. □ 

Corollary 2.23. Let p: ko n (Bn, Bn°°) -A- KO n (Bn, Bn°°) and 

A: KO n (Bn, Bn°°) -A KO n (C*(m, ttH) 

be as above, with n > 6. The Relative Gromov-Lawson-Rosenberg conjecture holds 
if p and A are both injective. 

Theorem 2.24. Let n > 6. Let N n be a manifold with boundary such that ni(N) 
and 7 Ti(dN) are both amenable. Suppose that n^dN) —> 7r 1 (iV) is an injection and 
that the cohomological dimensions of n±(N) and n\(dN) are less than n. If the 
classifying spaces Bni(N) and Bn\(dN) are finite complexes, then the Relative 
Gromov-Lawson-Rosenberg conjecture holds for the pair ( N,dN ). 

Proof. Let A = n\(N) and B = m(dN). The E 2 term for the Atiyah-Hirzebruclr 
spectral sequence for KO n (K(A, 1), K(B, 1)) is H p (A , B\ KO q ). Similarly the E 2 
term for ko n (K(A , 1), K(B, 1)) is H p (A, B ; ko q ). The groups coincide when q > 0. 
There is a comparison map between the spectral sequences from the fco-sequence to 
the ATO-sequence which is an isomorphism on E 2 for q > 0. The reason that this 
map may fail to be an isomorphism on E°° is that there are differentials for the KO- 
sequence that can start in the fourth quadrant and end in the first. For this reason, 
a nonzero element in ko n can vanish in KO n . But if n > ma x{cd(A), cd(B)}, 
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differentials can only come from the line p+q = n +1 with p < max{cd(A), cd{B)}. 
But then q is positive and the map is therefore an isomorphism. 

Using Higson-Kasparov m Theorem 1.1] extended into the KO setting, we see that 
the ATO-theory groups of C^ nax ( 7r) and C^^^n 00 ) are given by the A'O-theories 
of their classifying spaces. Thus the relative assembly map A: KO n (BTr, Btt°°) —>• 
KO n {CJ* (tti , ^r] 50 )) is an isomorphism. The rest of the proof is as the last paragraph 
of Theorem 12.221 □ 

Remark 2 . 25 . This unstable version of Conjecture 12.201 for large n obviously implies 
the stable version of the conjecture for all n. 


3. A NEW INDEX THEORY FOR NONCOMPACT MANIFOLDS 


In this section we will develop a new index theory for a noncompact manifold. Our 
index theory will depend on a choice of an exhaustion. 

Definition 3.1. Let (Y, d) be a noncompact, complete metric space. Suppose that 


Y is also metrically locally simply connected; i.e. for all e > 0 there is s' < e such 
that every ball in X of radius e' is simply connected. Let Lj C Y 2 C Y 3 C • ■ • be 


a sequence of connected compact subsets of Y. We say that {Yj} is an admissible 
exhaustion if 


( 1 ) Y = [jZ 1 Y i - 


(2) for each j > i , there is a connected compact subset Y,:.j Q Y such that 
Yj = Yi j U Yi and Y,j 0 Yi = dYi , where dYi = Yi — Yi for all i and Yi 
denotes the interior of Yi ; 

(3) d{dYi , dYj) -a oo as |j — i\ —> oo. 

Often we will write {Y,/, Yij} for the exhaustion. 

Let {Yi\Yij} be an admissible exhaustion of Y. Define D* to be the C*-algebra 
inductive limit given by 





where 1C is the (7*-algebra of compact operators. Let 



There is a natural homomorphism pi+ \: D* +1 —> D* induced by the group homo- 
morphisms given by inclusions of the corresponding spaces. Let p be the homomor¬ 
phism from a=i d* to n~i D* mapping (oi,a 2 ,...) to {p 2 {a 2 ), p^az), ■ ■ ■) ■ 

We now define the C*-algebra A(Y) by: 
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Notice that A(Y) is the C*-algebra inverse limit of the D* in a certain homotopical 
sense. In particular, this C*-algebra encodes dynamical information about how the 
fundamental groups of the pieces of the exhaustion interact with each other. We 
emphasize that the definition of A(Y ) depends on the exhaustion {Iq} of Y. We 
will now define an index map <r: KO l J(Y ) = KO°(Co(Y)) —> KO if {A{Y)). 


There exists £o > 0 such that, for any closed subspace Z of Y, any operator on 
a iLmodule with propagation less than or equal to £q > 0 can be lifted to the 
universal cover of Z. One can prove that the above constant £o exists because Y is 
metrically locally simply connected (as defined in the beginning of Section 2). The 
proof is similar to that of Proposition 12.81 

If an operator F represents a class in KO l J(Y), for each e < we can choose 
another operator F e representing the same ATO-class such that the propagation of 
F e is smaller than e. Let 


ind l([Te]) = [Pf c ] 



e ko 0 (C* l (Y)), 


where Pf s is the idempotent in the matrix algebra of Cf(Y) + as given in the 
definition of the local index whose propagation is less than 100e < eo- 
Let PpJ = XYj Pf e XYj and let Pp be the lifting of Pp to Yj, the universal cover 
of Yj. Let v be an invertible element in the matrix algebra of Cb(R 7 ) + representing 
the generator in K 0_i(Co(R 7 )) = A'Oo(Co(K 8 )) (see Atiyah PQ or Schroder j35j 
Proposition 1.4.11]). Let = v ® P^ + I ® (/ - P^) and let (t" 1 )(■?') = 
v~ 1 ® Pp^ + I ® (I — Pp^). For all s G [0,1], define Wp^(s) to be the product 

( I (1 -8)t% I 0 \( I (1 -s)rg WO I \ 

[O I Jl-(1 I ){l 0 )■ 


For each k, there exist jk > k and a sequence of positive numbers {£&} converging 

to 0 such that lOCtefc < £o and yk = Wp k \ 0) ( ^ ) (wW^(O)) -1 has propagation 

\ 0 0 J 

less than £ 0 for all k, and there is Zk in the matrix algebra of {S 7 C'^ nax {Yk^ k Y 1 ^ Lk ' j ^) + 
such that yk = ( Pk,j k ( z k), where <f>k,j k is the ^-homomorphism from the matrix al¬ 
gebra of {S 7 C^ ax (Y k ,j k Y^ Yk ^)+ to the matrix algebra of {S 7 C^ ax {Y jk Y^ Y ^))+. 
Note that the existence of such a *-homomorphism follows from Lemma 12.121 and 
Formula [2331 The existence of such z k is a result of the following claim. 

Claim 3.2. Let Yj k be the universal cover of Yj k and let Tr k : Yj k — >• Yj k be the 
covering map. Then we have 

yk = ^-\Y k , jk )ykx v -\Y kJk )®XY jk - v -\ Yk , jk ) 
when k and jk are sufficiently large. 

Proof. This proof is identical to that of Claim 12.191 □ 
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Let A G [0,1]. We define 4(A) by replacing P { F jk \ 0) with (1 - X)pj?' k) (0) + 

£ k £ k 

XPp k+1 ' > (0) in the definition of z k - Define 4(A) = (fk,j k (z' k (X)). Let if k be the 
natural homomorphism if k : S 7 C^ ax (Y jk ) n AY k ) S 7 C^ ax (Y jk+1 ) ni[Y ^+A Let 

ru{ a) = u®((i - \)MP { i k) k m + Apg;; i i ) (o))+/®(/-((i - + Apjf^c 

and 

4(A) = ir 1 ®^ - A )MP^m + AP^+ 1 i ) (0))+/®(/-((l - A)^(P^ } (0)) + APjj^ 

for all A G [0,1]. Again, the existence of ip k follows from Lemma [2.121 and Formula 
12.131 For all s, A G [0,1], define (w k (s))( A) to be the product 

(I (1 — s)r k (X) A / I 0 \fl (l-s)rk(X) \ ( 0 -I\ 

\ o i ) V -(i-44(A) i )\ o / j V i oj- 


Define 

(c fe (4)(A) = (M4)(A) ( 0 o ) (K( S ))(A)) _1 

By the definition of 4 an d c k , for each A G [0,1], the pair (4(A), (c k (-))(X)) lies in 
( S 7 D k ) + , where D k is as in the definition of A(Y). Let a k = ( z' k ,c k ). We finally 
define the index of F in KOq(A(Y)) to be 


o-([U) = [(«i:«2,---)] - 


\( 1 

0 V 

K o 

0 )\ 


G KO 0 (A(Y)). 


One can similarly define the index map a: I\O l J(Y) —> KO n (A(Y)) when n 4 0 
mod 8 with the help of suspensions (refer back to the section after Theorem 12.171) . 


The proof of the following vanishing theorem contains some of the same elements 
as are found in Section 2, but now in the context of a noncompact manifold M. 

Theorem 3.3. Let Y be a noncompact space with an admissible exhaustion {4}. 
Let M be a noncompact manifold. Assume that there is a uniformly continuous 
proper coarse map f:M—>Y with an admissible exhaustion {M,;; Mij} of M such 
that each Mi is a compact manifold with boundary dMi , / _1 (4) = -M», / -1 (4j) = 
Mi j and / _1 (94) = dMi. Suppose that M is spin and let Dm be the Dirac operator 
on M. If M admits a metric of uniform positive scalar curvature , then the index 
<r(/*[Djvf]) of Dm is zero in KO*(A(Y)), where /*: KO l J(M) KO l /(Y) is the 
homomorphism induced by f. 

Proof. We assume that the dimension of M is 0 mod 8. The other cases can be 
handled in a similar way with the help of suspensions (refer back to the section 
after Theorem 12. 171) . 

Let Y h Mi, Y l ; j and Mij be given as in the statement of the theorem. In this proof, 
all C*- algebras are the maximal ones. 


Let / be an odd smooth chopping function on the real line satisfying the following 
conditions: (1) f(x) —> ±1 as a; —>• ±oo; (2) g = f 2 — 1 G S(R), the space of Schwartz 
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functions, (3) if / and g are the Fourier transforms of / and g, respectively, then 
Supp(/) C [—1,1] and Supp(g) C [—2,2]. As stated earlier, such an odd chopping 
function exists (cf. Roe [30j Lemma 7.5]). 


Let Dm be the Dirac operator on M. We define 

1 r°° ~ 

F = f(D M ) = — / f(t) exp (itD M )dt. 
2n J -oo 


Let 


ind l ( [F ]) = [P F ] 



G KO 0 (C* l (M )), 


where Pf is the idempotent in the matrix algebra of (C'£(M)) + as given in the 
definition of the local index. 


Recall that there exists £q > 0 such that, for any closed subspace Z of Y, any 
operator on a Z-module with propagation less than or equal to £o can be lifted to 
the universal cover of Z. Define = XMjPfXMj, where Xm } is the characteristic 
function of Mj. Let no be the smallest natural number such that no > j -. We write 


zt 

exp (it Dm) = exp ( — Dm 
n 0 


(it 

•exp — D m 
\ no 


(*) 


Let j' > j be the smallest integer such that 


d(M — > 10no£o- 

Here no£o is roughly 2. Let My be the universal cover of My . Using the formula 
for Pf in terms of exp (it Dm), the identity (*) and the fact that exp(^-Djvr) has 
propagation less than £o for all t G [—2,2], we can lift to an element in 
(Cl(MyY^’))+. 


For any i < j , let niij = i + [%^] and roU = i + where [Py 2 ] and [^j 1 ] are 

respectively the integer parts of Ap and 


We define 

Pp’^ = Xm , , PfXm m , ,, 

where Xm , . is the characteristic function of M m i y Let v be an invertible 

171 i,j’ 3 *>3* 

element in the matrix algebra of Co(R') + representing the generator in 

ACU^C^R 7 )) = A'O 0 (Cb(R 8 )). 


Define 

and 

Define 


Tij =v® P# J) ( 0) +10(1- P$ J) m 
7 -P = v~ l ® P ( J' j) (0) +1 <g> (I - P^ j) (0)). 
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and 

(I 0 \ -1 

u iJ - x ij ^ Q o J Xi ’i ' 

Let | j — *| be large enough such that 

d(M iy M - M mi .) > 10n O £ O - 

We define v itj £ (S 7 C*(M itmiJ )) + and w iti £ (S 7 C*(M miJij )) + by: 

^i,j J 'U J i,jXMi > rn i j 5 

w i,j = XM rnij ,j U i,jXMm ij ,j'i 

where the identities in ( S 7 C*(M iimij )) + and (S 7 C*(M. miJ j)) + are respectively 
identified with the multiplication operators by XM i<m . . and XM m . , tj - By the prop¬ 
agation of Pf and the formula for Uij, we have 

u i,j = Vij © Wij. 

This equality is proved exactly in the same manner as Claims 12.191 and 13.21 From 
the definitions of Vij and wtj, we then have prop(vjj) < 100no£o and prop(wqj) < 
100n O £o. 

Let M id . be the universal cover of M l% .y and let 7r i t y be the covering map from M, ji 
of Miji . Again using the identity (*) and the formula for Pp in terms of exp (it Dm) 
and the small propagation of exp (^Dm), we can lift Pp’^ to an element Pp' 7 ' 1 
in (C* (Mij >) 7ri ))+, where f is defined as in the construction of the lifting of 
Pp \ Let Uij be the lifting of Uij to Let \j — i\ be large enough such that 

d(Mi,M - M mi j ) > 100n O £o- 

We define v id £ {S 7 C* (M iimjj .) ,ri( %))+ and w i}j £ (S 7 C*(M mtJi y) iri ^ M *.^)+ 
to be the liftings of Vij and Wij respectively, where M i mi<j = and 

M mid ,y = We have 

Ui : j ^i 7 j ® ^i,j ■ 


Next we shall represent the index class <j([Dm ]) as a A'O-theory element explicitly 
constructed using the above liftings. 


Let {jk} be a sequence of integers such that jk > k for each k and jk — k —> 
oo as k —> oo. Let z k be the image of Wk,j k under the inclusion map from 
(5 7 C*(M rai ., jt ) Il(M ‘4 ) )+ to (Sy*(M k:fk f l{Mk -0)+. Let ny k be the covering 
map from the universal cover of My k to My . Let y k be the element in the image 
of the inclusion map from (S 7 C*(nT, 1 (M k y )) 7ri(M 4 ) )+ to (. S 7 C*(My)) ni{M ^ ) )+ 
defined by 


y k — (zk) • 

where 4>k,j' k is the homomorphism from (S' 7 C* (Mi Cl y k ) !ri ^ Mk ’ i '^) + to (S 7 C*(My k Y^ Mi 0 
Note that the existence of this homomorphism follows from Lemma 12.121 and For¬ 
mula [2T3l 
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As before, let V’fc be the natural map : —>• 5' 7 C*(M 7 ^ +i ) ,ri ^ M A+ 1 \ 

We similarly define 4(A) by replacing P^ jk) (0) with (1 - \)P { F jk) (0) + APj? fc+l) (0) 
in the definition of z k . Define 4(A) = 4>k,j k {z' k {X)). 

Let 

T k ( A) = V®((1 - X)MP { F jk \Q)) + XP [ F k+1 \o)) +/®(/ - ((1 - X)MPp k \ 0)) + AP^ +l) (0))) 
and 

4(A) = v" 1 ®^ - \)MPp k) m + APj?* +l) (0))+J®(j - ((1 - X)MPp k) m + APj4 +l) (0))) 

for all A G [0,1]. For all s, A € [0,1], define (w k (s))( A) to be the product 

(I (1 — s)rfc(A) A / I 0 \fl (l-s)T k (X) \ ( 0 -I\ 

\ o i ) V -(i-44(A) i )\ o i )\i o )■ 

Define 

(cfcOOXA) = K(4)(A) ( 0 o ) (K-(4)(A))- 1 . 

Note that, for each A € [0,1], the pair (4(A), (cfc(-))(A)) lies in (5' 7 P^) + , where D k 
is as in the definition of A(Y). 

Let a k = (4, Cfc). By a homotopy invariance argument, we have 

4[D M ]) = [(a 1 ,a 2 ,...)]- [( [ o )] G KOq(A(Y)). 

In the above construction, for each a > 1, we can replace respectively the Dirac 
operator Dm by oPm, Uq by [cmo] + 1, and 4 by another natural number j' ka 
satisfying d(M — My k ) > 10cmo£o to obtain the index of aD«: 

C7([aD M ]) = [(0l,a,02,a,---)] “ q) G KO 0 (A(Y)). 

Notice that the A'O-theory class <7 ([qDm]) G KOq(A(Y)) is independent of the 
choice of a. 

For all k, we write a kt0l = ( z' k a ,c kt0l ). Let T ki0l by replacing with D with aD in the 
definition of r k . By the assumption that M has uniform positive scalar curvature 
and the local nature of the Lichnerowicz formula, we have 

(I 0 A _ (0 0) 

’ l '"- > ”®( 0 0 )+"»( o /) 

in the operator norm when a —> oo. This result implies the vanishing of <j([Dm\)- 

□ 
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Using the above notation D*, we note that, by Guentner-Yu [18], there is a Milnor 
exact sequence given by 

0 —>• hm 1 KO*(D *) -> KO*(A(Y)) lim KO*(D*) ->• 0. (*) 

This sequence gives rise to a commutative diagram 

0-> Inn 1 KO.{Y i ,dYi) -> I<O l J(Y) -> lhn KO*(Yi, dYi) -> 0 

0-> lim 1 KO*{D*) -» KO*{A(Y)) -► lhn KO*{D*) -> 0 

where the map </>: KO*{A(Y)) ^im KO*(D*) is induced by the ^-homomorphism 
7 Tj : A(Y) — > D* from 

A(Y) = |a € C ^[0,1], JJ A*) : p{a{ 0)) = a(l)| 

to D* obtained from the z-th component of the evaluation at 0. We will use this 
diagram in the next section. 


4. A MANIFOLD WITH EXOTIC POSITIVE SCALAR CURVATURE BEHAVIOR 

We will now construct a noncompact manifold M endowed with a nested exhaustion 
of compact subsets Mi , such that the M,; can be endowed with positive scalar 
metrics which are in totality incompatible in the sense that M itself has no metric 
of uniformly positive scalar curvature. 

In the last section we introduced a Milnor exact sequence with a ^irn 1 term. We 
quickly review some properties of this functor. If {Gi} is an inverse system of 
abelian groups indexed by the positive integers together with a coherent family of 
maps f j,i : Gj — » Gi for all j > i, then lirrdGi is categorically defined to be the 
first derived functor of ^im. Eilenberg-Moore {T2{ also provides a description in the 
following. If 'L: II A II A is defined by ^{gi) = {gi - /i+i, »(&)), then lim 1 G i 
is defined by lindGi = coker(T). Gray FT' proves that, if each Gi is countable, 
then lym 1 Gi is either zero or uncountable. 

An example of an inverse system with a nontrivial ljm 1 term is 

5=|Z ■••} 

in which case we have the uncountable group hm 1 S = Z 3 /Z. Let S 1 denote the 
standard circle. Consider the composite mapping cylinder Bg of the infinite com¬ 
posite 

S 1 <- S 1 <- S 1 < - 

which is capped off at the left end (see picture below), where each map takes 2 € S 1 
to z 3 . 
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§ 1 X / S 1 X / S 1 X / 





P 2 


*3 


Let Yj be the given exhaustion of B$. For each i, let </>,;: {Y i+ i,dY i+ i) —» ( Yi,dYi ) 
be the obvious collapse map. Notice that Y, is contractible and that dYj is a circle 
for all j. Consider the sequence 

0 -A ^KOniY^dYj) -a KO l n f (B s ) -A 5^-) -A 0. 


Proposition 4.1. T/ie group hm 1 1<O 0 ( Yj, dYj) is nontrivial. 

Proof. We have an exact sequence 

K0 2 (Yi) -a K0 2 (Y l /dY i ) = K02(Yi,9Yi) -A -A 

By the contractibility of we have K0 2 {Yi) = 0 and KO\(Yi) = 0. Therefore 
K0 2 (Yi, dYi) -A KOi(dYi) is an isomorphism. Consider the commutative square: 


K0 2 (Yi,dYi) —L-> KOi(dYi) 


x3 




Clearly it follows that (/>* is multiplication by 3, so that at the level of quotients we 
have a map </>* : if0 2 (Fi+i, 9Yi + i) -A- K0 2 {Yi , 9K,). □ 

Theorem 4.2. Let [c] € KO l /(Bs), where Bs is endowed with an exhaustion by 
compact sets {Y$} as above. There is (M,f) £ ft spm (Bs) such that 

(1) /.Pm] = [c]; 

(2) </ie inverse images {Mi,dMf) = f~ 1 (Yi, dYi) are compact manifolds with 
boundary such that the induced maps 7Ti (Mf) -A 7Ti(Yi) and 7Ti (dMf) —>• 
7Ti(<91i) are all isomorphisms. 
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Proof. We consider a proper map g : W n —» Bs with n > 5 from a noncompact 
manifold W n to Bs- Notice that every spin cobordism class in with n > 2 

has a simply connected manifold representative, and consequently for any compact 
polyhedron Z and any n > di m(Z) + 1, every class in f \ s 1 pm (Z) has a manifold 
representative N with ni(N) = tti(Z). Now we apply this observation to all of 
the pieces of the exhaustion of X (i.e. first apply it for the inverse images g _1 (S 1 ) 
of the separating circles, and then relatively to the inverse images g~ 1 (Yj — i*_i) 
of the annular regions Yj — Y^_i). These pieces can be assembled to procure the 
required (.M , /) £ D. spin (B s ). □ 

Theorem 4.3. Let £ be a nonzero class ^im 1 KO n +i(Yj , dYj ) and consider £ also 
as an element of KO l J(Bs). Let M be as given in the above theorem with the 
exhaustion (M.^dMi). Then each Mj has a metric of positive scalar curvature 
which is collared at the boundary, but M itself does not have a metric of uniformly 
positive scalar curvature. 

Proof. We can choose the metric on Y such that the map / in Theorem 14.21 is a 
uniformly continuous proper coarse map. 

We have a commutative diagram 

0- ¥ lim 1 KO n+1 (Mi,dMi) - ¥ KO l J (. M) -> Urn KO n (Mi,dMi) -> 0 

0- ¥ KO n +i(Yi,dYi) -> KO l n f (B s ) -> ^mKO„(Yi, dYf) - ¥ 0 

0- ¥ lim 1 KO n + 1 (D *)- ¥ KO n (A(B s ))- ¥ lim KO n (D*) - ¥ 0. 

By the definition of D* and homotopy invariance, we have 

Since the Yj are contractible and the dYj are circles, the outer vertical arrows 
from the second to third row are isomorphisms by Theorem 12.171 so the map 
KO l n f(Bs) —¥ KO n (A(B s )) is also an isomorphism. Note that by construction 
the element £ in KO l J(Bs) will lift to the Dirac class [Dm] in KO l J(M). By the 
commutativity of the diagram, the image of [Dm] is zero in ^im KO n (Mi, dMf) so 
it is zero in lim KO n (D*). Therefore it is zero in each I\O n (D*). 

Finally we establish the veracity of the relative Gromov-Lawson-Rosenberg con¬ 
jecture in our case. Indeed, with respect to the multiplication map /: Z ——> Z, 
we have D^ pm (/) = (g) Z 3 . Consider the index map of the relative Dirac 

operator D: Ll s r P m (f) —¥ Z 3 . When n ^ 1 mod 4, we have ker(D) = 0. Otherwise, 
when n = lmod 4, the kernel ker(D) is S 1 x ker(fl n _i(*) —¥ Z). This latter kernel 
ker(n ra _i(*) —>• Z) consists of closed manifolds of positive scalar curvature accord¬ 
ing to Stolz. Therefore there is a positive scalar curvature metric on each piece 
Mj of the exhaustion that is collared around the boundary. Moreover the image of 
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[Dm] is nonzero in KO n {A(Bs )) so M itself has no metric of uniformly positive 
scalar curvature by Theorem 13,31 □ 


5. A MANIFOLD WITH UNCOUNTABLY MANY CONNECTED COMPONENTS OF 
POSITIVE SCALAR CURVATURE METRICS 

In this section we use the previously developed theory to identify a connected 
noncompact manifold M such that PS(M), the space of complete positive scalar 
curvature metrics on M equipped with the C°° -topology, has uncountably many 
connected components. 

In various spin cases, it can be shown using index theory that PS(M) has infinitely 
many concordance classes. In fact, one can prove that the 7-sphere § 7 is such a 
manifold (see Gromov-Lawson m or Lawson-Michelsohn )24jl. With separability 
and the openness of positivity, it is an argument in point-set topology to see that 
PS(M) has at most countably many components when M is compact. These prop¬ 
erties may fail in the noncompact case. In the compact open topology, positivity 
is not necessarily an open condition. In the uniform topology, we typically do not 
have separability. 

In the proof of the following theorem, we refer the reader to the paper of Xie-Yu [42] 
Theorem A], which develops the notion of a relative higher index indZ) fflj g 2 on a 
spin closed manifold N with two Riemannian metrics g\ and g 2 - This relative index 
is defined to be the higher index of the Dirac operator D gi: g 2 on the infinite cylinder 
AxR, where the cross section N x {a;} is endowed with g\ if x < — 1 and with g 2 if 
x > 1 and the metric in N x [— 1,1] can be chosen to be arbitrary. The nonvanishing 
of this relative index in KO*(C*ni(N)) gives information about the concordance 
classes of positive scalar curvature metrics on N. In the case when the manifold M 
is not compact but has an admissible exhaustion by compact sets, a similar theory 
shows that a relative higher index can be constructed in KO ir {A(M )), where A(M) 
is the algebra constructed in section [3] 

Prior to the theorem we also make the following observation. Let 7r be a fixed finitely 
presented group with generators gi,...,g s and relations ri,...,r t . Let n > 5 
Execute s successive O-surgeries on S ra to produce a manifold K' with fundamental 
group F s , the free group on s generators. The process of surgery on maps (see 
Ranicki j29j for explicit details) shows that one can then perform a 1-surgery on K' 
to produce a manifold with fundamental group F s /(ri), where (ri) is the subgroup 
of F s normally generated by r\. After performing these 1-surgeries successively with 
respect to r 2 ,..., ry, we obtain a manifold K with fundamental group tt. Since K 
is constructed from the sphere S" from surgeries of codimesion at least 3, it follows 
from the Gromov-Lawson surgery theorem m Theorem A] that K also has a metric 
of positive scalar curvature. 
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An easy example of a manifold with uncountably many components of positive 
scalar curvature metrics is the disjoint union of countably many copies of § 7 . Here 
we present a connected example. 

Theorem 5.1. There is a connected noncompact manifold M for which the set 
PS(M) of components of positive scalar curvature metrics on M is uncountable. 

Proof. We provide a general construction that provides a host of examples. Let 
W be an (n + l)-dimensional spin manifold with nontrivial higher A-genus. For 
example, we may take W to be the torus T" +1 . Let 7 r = 7Ti(IF). By the discussion 
above, we can produce a manifold TV™ with a positive scalar curvature metric a 
and 7 Ti(7V) = n. We can perform a 0-surgery on the disjoint union of TV x I and 
W to create a connected manifold X'. Let n' = ni(X') with a classifying map 
a: 7r' — > Bn'. Let [/3] represent the class of /? in V,ffl™(Bn'). Execute additional 
surgeries (via surgery on maps) on X' to arrive at a manifold X with fundamental 
group 7 r and two boundaries components both homeomorphic to N. (In other 
words, since n' = n *n 1 we kill each element of n' of the form gigf , where g± and 
32 represent the same element of 7r.) The fundamental group of X may not be n', 
but, since X is cobordant to X', there is a map X —» Bn' which is also represented 
by \/3\ in Q s ff™(Bn'). 

Let a 1 be the positive scalar curvature metric on N as the other boundary compo¬ 
nent of X, as constructed by the Gromov-Lawson surgery theorem. Let D a , a i be 
the Dirac operator on N x R. Here the Riemannian metric on N x (— 00 ,—1) is 
defined using the product metric of a on N and the standard metric on (— 00 , —1), 
and the metric on N x (1, 00 ) is defined using the product metric of a on N and 
the standard metric on (1, 00 ). The metric on TV x [—1,1] can be arbitrary. From 
the nontriviality of the higher A-genus for W, we can infer that the relative higher 
index ind D a a t of TV is nonzero in KO*(C*n). 

This nonzero condition implies that a and a' lie in different connected components 
of PS(N). Form the infinite connected sum M = TV#TV# • • ■ with the obvious 
exhaustion Mi = (TV# • • • #TV) — O". Apply the Gromov-Lawson surgery theorem 

i 

to modify the metric near each glueing so that M is positively curved at every 
point. On each summand TV we make a choice to endow TV with either a or a'. 
Clearly the number of metrics on M constructed in this way is uncountable, and 
these metrics are all in different connected components of PS{M) by an application 
of our relative higher index, which lies in KO*(A(M)) as explained in the following. 
If /3, /3' are two distinct metrics on M defined in this way, let be the Dirac 

operator on the product M x R. Here the metric on M x (— 00,— 1) is defined 
using the product metric of a on TV and the standard metric on (—00, —1), and the 
metric on M x (1, 00) is defined using the product metric of a on TV and the standard 
metric on (l,oo). The metric on M x [—1,1] can be arbitrary. We can define a 
relative higher index md(Dp t p>) of P)p,p< in KO*(A(M)). By the relative higher 
index theorem in Xie-Yu [?2], Theorem A], the relative higher index ind(U Q , )Q /) 
does not lie in the image of the map i*: TVO*(K) —> KO*(C*ni(N)), where R is 
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the one-dimensional real (7*-algebra and *: K —>• C*iri(N) is the inclusion map. 
The Pimsner Theorem (see m Theorem 18]) allows us to compute KO*(D*). The 
above facts and the relative index theorem of [ 32 ] imply that if /3, f3' are two distinct 
metrics on M defined as above, then is nonzero in KO*(D*) for i 

sufficiently large. Here 7^: A(M) —> D * is the ^-homomorphism defined in Section 
3. The Milnor sequence (*) given after Theorem 13.31 tells us that the index is 
nonzero in KO*(A(M)). Therefore j3 and are two metrics of M that lie in 
different connected components of PS(M). Since /? and /3' are arbitrary, it follows 
that PS(M) has uncountably many components. □ 


In a sequel to this paper, we will provide examples of noncompact contractible 
spaces with exotic positive scalar curvature behavior. 
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